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1. Introduction
In this note we consider two problems in [2]. Figure 1 is taken from the 156th
problem, which consists of eight small congruent circles, two medium congruent
circles, a large circles and a rectangle. The problem is asking to find the ratio
of the radii of the large circle and the small circles. Therefore the two medium
congruent circles and the two small congruent circles touching them internally are
unnecessary, because the ratio is uniquely determined without them. However
it seem that the proposer of the problem considered to demonstrate his or her
discovery of the existence of the two medium circles and the two small circles by
the figure.

Figure 2.

Figure 1.
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Figure 2 is taken from the 157th problem in the same book, which consists of three
congruent small circles, one medium circle, one large circle and three segments.
The answer says that the radius of the large circle equals twice the diﬀerence of
the radii of the medium circle and the small circles, which is equivalent to that
the medium circle passes through the center of the large circle.
2. Theorem
The assertion of the figure of the 156th problem and the 157th problem may be
summarized as follows (see Figures 3):
Theorem 1. Let α and β be circles touching externally with common internal
tangent t. Let β ′ be the circle congruent to β touching α externally and t from the
same side as α. Let δ be a circle touching β internally at the point farthest from
t. Then δ passes through the center of α if and only if δ touches β ′ externally.
Proof. Let A, B, D and a, b, d be the centers and the radii of α, β ′ , δ, respectively.
Assume that δ passes through A. If F √
is the foot of perpendicular from B to the
line AD, we get d = a/2 + b, |BF | = 2 ab and |DF | = |3b − d|. Therefore δ and
β ′ touch externally, since
√
√
|BD| = |BF |2 + |DF |2 = 4ab + (3b − d)2 = a/2 + 2b = b + d.
The converse holds by the uniqueness of the figure.
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Figure 4.

In the proof, the sign of 3b − d depends on the value of a/b, and 3b − d = 0 holds
if and only if a/b = 4. In this event the circles α and β ′ are the center circle and
one of the sides of the configuration A(5) in [1] (see Figure 4).
3. Configurations arising from the theorem
Let P be the point of tangency of α and β, and let R be the reflection of P in the
center of α (see Figure 5). Let δ ′ be the circle of radius d′ touching α internally at
R passing through the center of β. The powers of P with respect to δ and δ ′ are
−2ab. Therefore t is the radical axis of δ and δ ′ and passes through their common
points. Let Q be the point of tangency of β ′ and t. The circle congruent to α
touching β externally and t from the same side as β touches t at Q. The circle
also touches δ ′ externally by the theorem. Figure 6 is constructed from Figure 5,
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which consists of two segments, two circles of radius a, two circles of radius b, four
circles of radius d, and four circles of radius d′ .
R
β′

α

δ′

Q

P
t
δ
β
S

Figure 5.

Figure 6.

Let S be the reflections of P in the centers of β. Then
√ the triangles P QR and
P SQ are similar, since |P Q|/|P R| = |P S|/|P Q| = b/a. Therefore ∠SQR is a
right angle, and Q lies on the circle with diameter RS, which is denoted by γ.
Figure 7 is obtained by adding the circle γ and three circles congruent to γ to
Figure 6.

γ

Figure 7.
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